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Relating c.d.f.
FNegativeBin('r‘,p) (.’E) =1- FBinomial(w,p) (T - 1) FE'r‘lang(n,)\) (‘T) =1- FPoisson()\x) (n - 1)
FGamma(a,ﬁ) (:E) = Fxéa) (251‘) FBem(a,B) (:C) =1- FBinomial(a+B—1,x) (a - 1)

Moment /probability generating function; moments

k
Mx(t) = E (¢!X) B(x*) = LMt L:O
Px(s) = E(sX); P(X =k) = & x Lx() . EX(X —1)- (X —k+1)] = £Ix0) _ . keN
E(X) = 0+°°[1 — Fx(z)]dz, for X >0 E(XF) = 0+O° kz*~Y1 — Fx(z)|dz, for X >0
E{[X—-E(X)]? E{[X—-E(X)]*
S0 - 2 Ko - SR s

Multinomial distribution

P(Ny=m1,..., Ny =nq) = g % 1L, pr {(n1,...,na) € N¢: S0y =n}
My, N, (1. tg—1) = [(Zf:_ll i eti) +pdr N; ~ Binomial(n,p;); Cov(N;,Nj) = —np;pj, i #j
Max(t) = B fexp (S 10 B (I x2) = San)
Functions of r.v.
Fy—yx)(y) = PIX € g7 ((~00,9))] Fr=g) (W) = Ixlg™ )] x |25 2]
Hierarchical models resulting from mixtures
P(X =2)=3,P(X =a]Y =y) x P(Y =y) P(X =) = [, PX =2[Y =y) x fr(y)dy
Elg(X)] = E{E[g(X)[Y)]} Vig(X)] = V{E[g(X)[Y]} + E{VI]g(X)|Y]}
Functions of random vectors
Fy_gx)(y) = P[X € g7  (ITiZ, (=00, wi])]
a_qg;@ agg;n@
Fr=g)@) = fx [g7 )] x [T (y)] Iw) = L
Dog W) 2o W)
Fxav(2) = [23 fxy (2 —y,y) dy Fx-y(w) = [03 fxy(uty,y)dy
ey () = [T fxy (v/y,y) x ﬁdy Fxpy (W) = [T fx v (wy,y) x |yl dy
Order statistics
PIX(n—k+1) > 2] = 1 = Finomial(n,1-Fx ())(k — 1) IX 0y X oy (T(1)s -+ Tmy) = 0 X T fx ()
Fx ., (x) =1 = Fpinomial(n,Fx (x)) (i — 1) fx (@) = #('n_l)u [Fx(2)]" " [1 = Fx(2)]"" fx(x)

() ) = ey [Fx @ [Fx(y) = Fx(@)P 7 (1= Fx@)" ™ fx(@)fx () o <y

Cap. 0
BERNOULLI PROCESS
{X,, :n €N} ~BP(p) Sp =i, X; ~ Binomial(n,p), T} =min{n € N:S, =k} ~ NegativeBin(k, p)

Uy =T, — Tp_1 i Geometric(p), k € N Sm|Sn =k ~ HyperG(n,m,k), 0 <m <n,0<k<n



Cap. 1
A FEW PROPERTIES OF THE EXPONENTIAL DISTRIBUTION

indep . a)

X; "< Exponential(\;), i = 1,...,n = n{Xi} ~ Exponential(}_;" | A;)

b) P (X = mini=1,. o {Xi}) = yoris cl) 3701 Xi ~ Hypo-exp.(A1, ..., An), Ai # Aj (i # )
2) fyn x,(2) = 20, Cin x Nie™, Gy =T AJA%A
dl) X ~ Hyper-exp.(A1, ..., An; P15, 0n)s M Z X (i # J)  d2) fx(x) = Y0 pi fx, ()
HoMOGENOUS PP (independent and stationary increments)
{N(t):t >0} ~PP(\) Sp=min{t >0: N(t) =n}; N(t)>n< S, <t N(t) ~ Poisson(At)
Sp ~ Erlang(n, \);  Fs,(t) = 1 — Fpoisson(at)(n —1);  (N(s) | N(t) = n) ~ Binomial(n, s/t), 0 < s <t

e MGV =ty )] R

P[N(t1) = k1,..., N(tn) = ky] = [I 0=ty <ty <. <ty 0=ho<hky <---<ky

j=1 (kj—kj—1)!
d . 1 2
(N;(t) >0 " PP()),i=12 = P [Sé) < an)} =1 Bz’nomial(n—i—m—l,AlA_‘}Az)(n -
{Xo = Sy — Sy :n € N} & Exp()) (51| N(t) = 1) ~ Uniform(0, ?)
Y; "% Uniform(0, 1), i = 1,...,n (81, S [ N(t) =n) ~ Yy, -, Yw))

Ny (t) = #registered events in (0, ¢], under the non-homogeneous Bernoulli splitting mechanism associated with a p : Rf — [0,1]

Ni(t) ~ Poisson ()\ fg p(s) ds)
NON-HOMOGENOUS PP (independent increments)

{N(t):t >0} ~ NHPP(A(t)) m(t) = fg Az)dz N(t+ s) — N(s) ~ Poisson (m(t + s) — m(s))

6—[n1,(tj)—m(tj_1) [m(t)f (t] 1)}kj_kj—l

I m(t;—
P ﬂ?:1N(tj):kj}:H?:1 Bk, 0=tg<t1 < - <tp, 0=hko <k < < ky

(N(s) | N(t) = n) ~ Binomial(n, m(())) 0<s<t,neN

Fs,(t) = 1 = Fpoisson(m()(n — 1), n € N P(Xnt1 = Spi1 — Sp > 1) = [ A(s)e*m@m% ds,neN

0.4 d

Y; "KM Y, where P(Y <) = 20 for 0 <u <t (Styee s S | N(8) = 1) ~ (Yay, -+ Yin)

m(t)”’

CONDITIONAL PP (stationary increments)

{N(t) : t > 0} ~ ConditionalPP(G) PIN(t+s) — N(s) =n] = [;7 <2Q0" 4G ()

CoMPOUND PP (independent and stationary increments)

(X@t) =Ny, .t > 0} ~ CompoundPP(A,Y) E[X(#)] =M x E(Y); V[X(#)] = x E(Y?)

Cap. 2

RENEWAL PROCESSES

{N(t) : t > 0} ~ RP with inter-renewal distribution F and mean pi;  Fy(t) = P(S, < t)
P[N(t) = n] = Fu(t) = Fga(t) m(t) = E[N(t)] = 3,27 Fu(t)

m(t) = F(t) + [im(t — x) dF () (s) = [/ et dmi(t) = 15(;()8)
H(t):D(t)JrfoH(t—x)dF(m) ID(t)] < 400 = H(t) = D(t)+ [y D ) dm(x)
H(t) )+ [LD(t — ) dm(x) = [ e=stdD(t) exists; H(s) = 1?;2)



IMPORTANT LAPLACE TRANSFORMS

f(t) frs) = fo e f)dt  g(t) =Jo g
1 1/s af(t) + bh(t) af*(s) +bh*(s)
tm n!/s"Hl dfT(f) sf*(s) — f(0)
e 1/(s+a)" e~ f(t) f*(s+a)
sin(at) a/(s* +a?) Jo f(w)du f*(s)/s
= 1/[(s +a)(s +)] £ (1) (~1)" o *(5)
LIMIT THEOREMS ET AL.
P[N(t)<n]~® (%) SLLN for renewal processes: % RS i
Elementary renewal theorem: lim;— o %t) = %
Key renewal th.: D(t) dRi, F not lattice, H (t) )+ fo (t —z)dm(x) = limp o H(t) = % o D(y) dy
Blackwell’s th.: F' not lattice = limy_os[m(t +a) —m(t)] =
F lattice with period d = lim,_, E[number of renewals at nd] = ¢
RECURRENCE TIMES
A(t) =t —Snw), Y()=Snvw+1 —t, Xnws1 = Alt) +Y (1)
E [SN(t)—}—l] = p x [m(t) + 1] Xn(t)y+1 =st Xi, 1 € N (inspection paradox)
AW CBLG im, o 2201 — g limy oo Y (1)] = 255
litm o0 E[A(t)] = 25 Lt o E[Xn(py21] = 257 > B(X)
limy_, oo P[Y (t) < 2] = limy 400 P[A(t) < 2] = Fo(x) = w (equilibrium distribution)
REWARD RENEWAL PROCESSES
{(Xp,Rn):ineNyY % (X, R), Rt)=S"YR,  B(X),ER)<-+oo = W) S
e o = ’ b) Timy 4o ZLAGL _ B(R)
: E(X)

ALTERNATING RENEWAL PROCESSES

3 . -\ N B ) <
(U,D), Z(t)= LoifIn € Nu Sy =000 Xi = 2ia (Ui + D) <t < S + Unia
0, ifEInEN:Sn+Un+1§t<Sn+1

E(Up + Dy) < +00, F not lattice = limy 10 PIZ(t) = 1] = 5 Arpy

{(Un, Dy) : n € N} "k

DELAYED RENEWAL PROCESSES

{ND(t)itZO}, WitthNG, Xier,i:2,3,...,and (G*Fn_l)() S <t fO t—IE an 1( )

P[Np(t) = n] = P(Sy < t) — P(Spy1 < 1) = (G * Fu1)(t) — (G % F)(t)

~ G
mp(t) = Y42 (G x Fuo1) (1) p(s) = 1555
REGENERATIVE PROCESSES
{X(t) : t > 0}, with state space Ny and S; ~ F U, = time spent in state j during [0, S1)

F not lattice, E(S1) < +00 = limy, 1o P[X(t) = j] = ggli P

. 1 . ) 1
E(S1) < 400 = limy_ o amount of time sttate j during (0,t) w.p- P,




Cap. 3
DEFINITIONS AND EXAMPLES
(Xn:n€NoY, P(Xps1 =5 | X = i Xt = in_1,.. 0 Xo = i0) = P(Xns1 = j | X
P = [Pjlijes, a= [ailies = [P(Xo = 1)]ies
CHAPMAN-KOLMOGOROV EQUATIONS; MARGINAL AND JOINT DISTRIBUTIONS
B = P(Xppm =7 | Xo=1) = Ypes Pk P pP" = [P’?}L,jes’ a" = [P(Xn = j)]jes = aP"

. . n k N —MNj_1 . .
P(Xn, = ings-e s Xy = in,) = (Ziesai X Pi,;nl) XTI P70, 0Smy <ng <o <y s ying €8

CLASSIFICATION OF STATES; RECURRENT AND TRANSIENT STATES

"= P(Xp =, Xno1 # Jyee s Xi # 5 | Xo = 1) Ty =min{n € N: X, =i | Xo = i}
fij = Zi’i B fi=fu= '23 "= P(T; < +o0) recurrent if f; =1, transient if f; <1
wi; = E(T;) = :3 n x fl* (i recurrent) positive rec. if p; < +o0o, null rec. if p; = +00

LIMIT BEHAVIOR OF IRREDUCIBLE (APERIODIC) MARKOV CHAINS

Pj=3 s Pilj, j €S (stationary dist.);  lim, 100 Py =m; > 0,4,5 €S (if all states are posit. rec. aper.)

T = 2iesTilijy J €S, Yjes™i = 1; Kij = 7%-? r=aP, nl=1; 7=[r]jes=1x(I-P+ONE)"!

MARKOV CHAINS WITH COSTS/REWARDS

lmpy 4 oo ﬁE |:ZTLN:O co(Xn) | Xo= z} =Y jesmic(j) =m xc  (long-run expected cost per time unit)

o(i)=F [Z:i% ae(Xy) | Xo = ’L] (expected total discounted cost incurred over..., starting at state i)

o(i) = c(i) + ) s Pijd(j), i €S ¢ =[p(i)]ies =T —aP) " xc
TIME REVERSIBLE MARKOV CHAINS
{(Xnom :m €L}, Q=20 mi X Pj =7 x Py, i,j€8
Piiy X Pj iy X -+ X Py i = DPig, X+ x Py, x Py 4, for any i,41,142,...,9, k € N (Kolmogorov’s criterion)

BRANCHING PROCESSES
{Xn:neNy}, Xo=1, X,= l)i”fl Zi,neN, {Z;:1eN}iid., non-negat. r.v., P;=P(Z =3j),je€Ny

P,(s) = E(s*), P(s)=E(s%), sel0,1] Poy1(s) = Py[P(s)] = P[Pu(s)],n €N, s € [0,1]
2, n—1 pr—1 :
pw=E(Z), o*2=V(Z), E(X,|Xo=1)=p" VX, | Xo=1)= T K xT=, ifp#l
no?, if =1,
7 =lim, 5100 P(X, =0 Xo = 1) ifp<l,r=1; ifpu>17=3,%r x P

FIRST PASSAGE TIMES; ABSORPTION PROBABILITIES

ZZL:P(X’VZZJ7X7L—17£]77X17é.7’X0:2> i?:[fz}]les
-1

ij = e L , N m
Zk# P L n=2.3,... J p Xi?_l _ [(])P] Xi}v n=2.3,...



S=TuCiUCU---, Q= [Qij]i,jeTy R = [Pkl]keT,leT’ T = inf{n € Np: X, Q T}, Uik = P(XT =k ‘ Xy = Z)
U = [uir)icrper = T-Q)7' xR [E(T | Xo=1)]jer =I-Q) ' x1

B by | Xo =il =@I-Q) 7 xg

Cap. 4
DEFINITIONS AND EXAMPLES
{X({#):t>0}, PX(t+s)=7|X(s)=1i, X(u)=2(u),0<u<s|=PX({t+s)=j]|X(s)=1]
PX(t+s)=j|X(s) =i] =P[X(t) =j | X(0) =] = P;(t), P(t)=[P;({t)]ijes, a=lolies=[P[X(0)=i
PROPERTIES OF THE TRANSITION MATRIX; CHAPMAN-KOLMOGOROV EQUATIONS
Bij(t+5) = Ypes Pir(t) X Pj(s)  P(t+s) =P(t) x P(s) = P(s) x P(t)  P[X(t) = j]l = Xjcs i X Pij(t), j €S

[PIX(1) = Djes = aP(t)  P[X(0) = 2(t1),.., X (1) = 2(te)] = [Cies @ Praten)(t1)] TTj—2 Paty )00 (8 — tj-1)

Gij =vi X Pij, i # limy, o+ i V(h) = Qij, 1 # J; limy_0+ 171;?(]1) =V
dPy(
= s Pag (1) = viPy(t) (backward eq.) =2 kzj Pir(O)ar; — Pij(t)v; (forward eq.)
rij = i 2753 R = [rijlijes dl;s(t) — [ Pd;&(t)]. =R xP@t)=P()xR
—Vi t1=17, i,J€S

COMPUTING THE TRANSITION MATRIX: FINITE STATE SPACE

+oo R _ 1 Rt\"
P(t) = Rt = 3020 B0 = limys o0 (T4 1)
COMPUTING THE TRANSITION MATRIX: INFINITE STATE SPACE

= [ e tPy(t)dt, i,j€S

_stdP;
o*°°e H P 4t = 5 x PA(s) — Py(0) = Yposy Pils) X aij — Pi(s) x v

BIRTH AND DEATH PROCESSES
"ng“) = Ao P1(t) — Ao Po;(t), j € No; dpjﬁ(t) = N Piy1,j(t) + ps i1 j(t) — (N + ps) Pyi(t), i €N, j € Ng (b. eq.)

L8O = Py (t) p — Poolt) Mo, i € Noy T80 = Py 1 (8) \joa + Poga(t) pyan — Pg(t) (A + 415), i € No, j €N (£ eq.)

P;(t) = P[X(t) = j | X(0) =i P(z,t) = E[zX0 | X(0) =], || <1

. dPi(t) _ OP(z, Pz, e , :
djes @ X 0 — 2hLd) 5 = e i TIXPi () = Ses (1) x P (b)

Sies# x B = 528 X [Pya(t) N1+ Piya(8) i — Pi(t) (A + )] (forward eq.)
LiMIT BEHAVIOR OF CTMC

{Xn :n € No} (embedded DTMC), 7 = [7j]jes (stationary distribution of the embedded DTMC)

’Tj

- 75
zkES u: ’

BZ[Pj]jESa BXR:Q, Zjespjzl ijyj:Zies-P’iXQija JGS

P; = limyy oo Py(1) Py = jes

-1

= [l ediaden ] py o Aipy =y x MMt e N (birth and death proc.)




BIRTH AND DEATH QUEUEING SYSTEMS IN EQUILIBRIUM

Queues
Le E(Ly) = AE(W5) = A x (1 — By) x B(Wy)
B(Ly) = 2 + B(L,)
Ly E(Lg) = AE(Wy)
W E(W;) = i + E(Wq)
M/M/1
Rates A=A keN
pe=p, keN (p:ﬁ<1)
Ly P(Ls:k):pk(l_p>> k € No
E(Ls) = 725
2 _
L, P(Ly=k)y= 1=°" k=0
pk+1 (]‘ _p)v keN
2
E(Lqg) = ﬁ
W (Ws | Ls = k) ~ Gamma(k + 1, 1), k € Ny
W ~ Exponential(p(1 — p))
_ 1
E(Ws) = #(1—p)
W, (Wq | Ls = k) ~ Gamma(k, 1), k € N
0, t<0
Fyw, (t) = 1—p, t=20
(1=p) + 0 X Frapui—pyt), t>0
(Wy | Wy > 0) ~ Exponential(u(1 — p))
—_»
E(W,) = #(1=p)
M/M/co
Rates A=A, keNp
wr =kp, keN (p:%<+oo)
Ly Ly ~ Poisson(\/p)

Ly 20, Wy~Exp(p), W,Z0

X (t) = number of customers in the system at time ¢

(X(t) | X(0) = 0) ~ Poisson(A (1 — e ) /)

M/G /o0

(X(t) | X(0) =0) ~ Poisson ()\ fot[l — G(t—9)] ds)
limy 400 (X (¢) | X(0) = 0) ~ Poisson(\/u)




Rates A=A, keNg

. kp, k=1,...,m <p=4<1)
mu, k=m+1m+2, ...

w1 - p)(mp)F~™mC(m,mp), k=0,1,...,m—1

L P(Ls =k)
(1= p) pF=m C(m, mp), k=mm+1,...
(W(lf)m)
’ D =
C(L,p)=p
2

C(2,2p) = 1%

E(Ls) = mp + 1£,C(m,mp)
L, P(L,=k) = 1 —pC(m,mp), k=0

(1—p)p* C(m,mp), keN
E(Lg) = 1£,C(m, mp)

—p
W, (W, | Ly = k) ~ Exp(p), k=0,...,m—1,
Exp(p) * Gamma(k —m + 1,mu), k=m,m+1,...,
1= R (= 00 mele 120, p=rt
[1 + % X C(m,mp)} e M >0, p# mT_l
_ 1 C(mmp)
E(W;) = u T mali—p)
Wy (Wy | Ls = k) ~ Gamma(k —m +1,mu), k=m,m+1,...
(Wq | Wy > 0) ~ Exponential(mu(1 — p))
1, t<0
1= Fw,(t) = C(m,mp), t=0
C(mvmp) X [1 - FExp(mu(l—p))(t)L t>0
_ C(mmp)
E(W,) = mu(l—p)
M/M/m/m
Rates Ak: )\, kzo,l,...,m—l
0, k=mm+1,...
0, k=m+1,m+2,...
(mkﬁ)k ol
L, P(Ls— k) = Sy — Hmo™F x B(m,mp), k=0,1,....,m
0, k=m+1,m+2 ...
(mp)™
B(m,mp) = P(Ls =m) = P A

Jj=0 4!

E(Ls) = mp (1 — B(m, mp)]

st

Lq =0, Ws ~ EXp(M), Wq =0




