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Relating c.d.f.

FNegativeBin(r,p)(x) = 1− FBinomial(x,p)(r − 1) FErlang(n,λ)(x) = 1− FPoisson(λx)(n− 1)

FGamma(α,β)(x) = Fχ2
(2α)

(2βx) FBeta(α,β)(x) = 1− FBinomial(α+β−1,x)(α− 1)

Moment/probability generating function; moments

MX(t) = E
(
etX
)

E(Xk) = dkMX(t)
dtk

∣∣∣
t=0

PX(s) = E(sX); P (X = k) = 1
k! ×

dkPX(s)
dsk

∣∣∣
s=0

E[X(X − 1) · · · (X − k + 1)] = dkPX(s)
dsk

∣∣∣
s=1

, k ∈ N

E(X) =
∫ +∞
0 [1− FX(x)] dx, for X ≥ 0 E(Xk) =

∫ +∞
0 kxk−1[1− FX(x)] dx, for X ≥ 0

SC(X) = E{[X−E(X)]3}
[SD(X)]3

KC(X) = E{[X−E(X)]4}
[SD(X)]4

− 3

Multinomial distribution

P (N1 = n1, . . . , Nd = nd) = n!∏d
i=1 ni!

×
∏d
i=1 p

ni
i {(n1, . . . , nd) ∈ INd

0 :
∑d

i=1 ni = n}

MN1,...,Nd−1
(t1, . . . , td−1) =

[(∑d−1
i=1 pi e

ti
)

+ pd

]n
Ni ∼ Binomial(n, pi); Cov(Ni, Nj) = −n pi pj , i 6= j

MX(t) = E [exp (
∑n

i=1 tiXi)] E
(∏n

i=1X
ki
i

)
=

∂
∑n
i=1 kiMX(t)

∂t
k1
1 ...∂tknn

∣∣∣∣
t=0

Functions of r.v.

FY=g(X)(y) = P [X ∈ g−1((−∞, y])] fY=g(X)(y) = fX [g−1(y)]×
∣∣∣dg−1(y)

dy

∣∣∣
Hierarchical models resulting from mixtures

P (X = x) =
∑

y P (X = x|Y = y)× P (Y = y) P (X = x) =
∫
IRY

P (X = x|Y = y)× fY (y) dy

E[g(X)] = E{E[g(X)|Y )]} V [g(X)] = V {E[g(X)|Y ]}+ E{V [g(X)|Y ]}

Functions of random vectors

FY=g(X)(y) = P
[
X ∈ g−1 (

∏m
i=1(−∞, yi])

]
fY=g(X)(y) = fX

[
g−1(y)

]
× |J(y)| J(y) =

∣∣∣∣∣∣∣∣∣∣∣∣

∂g
−1
1 (y)

∂y1
. . .

∂g
−1
1 (y)

∂yn

.

.

. . . .

.

.

.

∂g−1
n (y)

∂y1
. . .

∂g−1
n (y)

∂yn

∣∣∣∣∣∣∣∣∣∣∣∣
fX+Y (z) =

∫ +∞
−∞ fX,Y (z − y, y) dy fX−Y (u) =

∫ +∞
−∞ fX,Y (u+ y, y) dy

fXY (v) =
∫ +∞
−∞ fX,Y (v/y, y)× 1

|y| dy fX/Y (w) =
∫ +∞
−∞ fX,Y (wy, y)× |y| dy

Order statistics

P [X(n−k+1) > x] = 1− FBinomial(n,1−FX(x))(k − 1) fX(1),...,X(n)
(x(1), . . . , x(n)) = n!×

∏n
i=1 fX(x(i))

FX(i)
(x) = 1− FBinomial(n,FX(x))(i− 1) fX(i)

(x) = n!
(i−1)!(n−i)! [FX(x)]i−1 [1− FX(x)]n−i fX(x)

f(X(i),X(j))(x, y) = n!
(i−1)!(j−i−1)!(n−j)! [FX(x)]i−1 [FX(y)− FX(x)]j−i−1 [1− FX(y)]n−j fX(x)fX(y), x < y

Cap. 0

Bernoulli process

{Xn : n ∈ N} ∼ BP (p) Sn =
∑n

i=1Xi ∼ Binomial(n, p), Tk = min{n ∈ N : Sn = k} ∼ NegativeBin(k, p)

Uk = Tk − Tk−1
i.i.d.∼ Geometric(p), k ∈ N Sm|Sn = k ∼ HyperG(n,m, k), 0 ≤ m ≤ n, 0 ≤ k ≤ n
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A few properties of the exponential distribution

Xi
indep∼ Exponential(λi), i = 1, . . . , n ⇒ a) mini=1,...,n{Xi} ∼ Exponential(

∑n
i=1 λi)

b) P (Xj = mini=1,...,n{Xi}) =
λj∑n
i=1 λi

c1)
∑n

i=1Xi ∼ Hypo-exp.(λ1, . . . , λn), λi 6= λj (i 6= j)

c2) f∑n
i=1Xi

(x) =
∑n

i=1Ci,n × λi e−λix, Ci,n =
∏
j 6=i

λj
λj−λi

d1) X ∼ Hyper-exp.(λ1, . . . , λn; p1, . . . , pn), λi 6= λj (i 6= j) d2) fX(x) =
∑n

i=1 pi fXi(x)

Homogenous PP (independent and stationary increments)

{N(t) : t ≥ 0} ∼ PP (λ) Sn = min{t ≥ 0 : N(t) = n}; N(t) ≥ n⇔ Sn ≤ t; N(t) ∼ Poisson(λt)

Sn ∼ Erlang(n, λ); FSn(t) = 1− FPoisson(λt)(n− 1); (N(s) | N(t) = n) ∼ Binomial(n, s/t), 0 < s < t

P [N(t1) = k1, . . . , N(tn) = kn] =
∏n
j=1

e−λ(tj−tj−1) [λ(tj−tj−1)]
kj−kj−1

(kj−kj−1)!
, 0 = t0 < t1 < · · · < tn, 0 = k0 ≤ k1 ≤ · · · ≤ kn

{Ni(t) : t ≥ 0} indep∼ PP (λi), i = 1, 2 ⇒ P
[
S
(1)
n < S

(2)
m

]
= 1− F

Binomial(n+m−1, λ1
λ1+λ2

)
(n− 1)

{Xn = Sn − Sn−1 : n ∈ N} i.i.d.∼ Exp(λ) (S1 | N(t) = 1) ∼ Uniform(0, t)

Yi
i.i.d.∼ Uniform(0, t), i = 1, . . . , n (S1, . . . , Sn | N(t) = n) ∼ (Y(1), . . . , Y(n))

N1(t) = #registered events in (0, t], under the non-homogeneous Bernoulli splitting mechanism associated with a p : R+
0 → [0, 1]

N1(t) ∼ Poisson
(
λ
∫ t
0 p(s) ds

)
Non-homogenous PP (independent increments)

{N(t) : t ≥ 0} ∼ NHPP (λ(t)) m(t) =
∫ t
0 λ(z) dz N(t+ s)−N(s) ∼ Poisson (m(t+ s)−m(s))

P
[⋂n

j=1N(tj) = kj

]
=
∏n
j=1

e−[m(tj)−m(tj−1)] [m(tj)−m(tj−1)]
kj−kj−1

(kj−kj−1)!
, 0 = t0 < t1 < · · · < tn, 0 = k0 ≤ k1 ≤ · · · ≤ kn

(N(s) | N(t) = n) ∼ Binomial(n, m(s)
m(t) ), 0 < s < t, n ∈ N

FSn(t) = 1− FPoisson(m(t))(n− 1), n ∈ N P (Xn+1 = Sn+1 − Sn > t) =
∫ +∞
0 λ(s)e−m(t+s) [m(s)]n−1

(n−1)! ds, n ∈ N

Yi
i.i.d.∼ Y , where P (Y ≤ u) = m(u)

m(t) , for 0 ≤ u ≤ t (S1, . . . , Sn | N(t) = n) ∼ (Y(1), . . . , Y(n))

Conditional PP (stationary increments)

{N(t) : t ≥ 0} ∼ ConditionalPP (G) P [N(t+ s)−N(s) = n] =
∫ +∞
0

e−λt(λt)n

n! dG(λ)

Compound PP (independent and stationary increments)

{X(t) =
∑N(t)

i=1 Yi : t ≥ 0} ∼ CompoundPP (λ, Y ) E[X(t)] = λt× E(Y ); V [X(t)] = λt× E(Y 2)

Cap. 2

Renewal processes

{N(t) : t ≥ 0} ∼ RP with inter-renewal distribution F and mean µ; Fn(t) = P (Sn ≤ t)

P [N(t) = n] = Fn(t)− Fn+1(t) m(t) = E[N(t)] =
∑+∞

n=1 Fn(t)

m(t) = F (t) +
∫ t
0 m(t− x) dF (x) m̃(s) =

∫ +∞
0− e−st dm(t) = F̃ (s)

1−F̃ (s)

H(t) = D(t) +
∫ t
0 H(t− x) dF (x) |D(t)| < +∞ ⇒ H(t) = D(t) +

∫ t
0 D(t− x) dm(x)

H(t) = D(t) +
∫ t
0 D(t− x) dm(x) D̃(s) =

∫ +∞
0− e−st dD(t) exists; H̃(s) = D̃(s)

1−F̃ (s)



Important Laplace transforms

f(t) f?(s) =
∫∞
0 e−stf(t) dt g(t) g?(s) =

∫∞
0 e−stg(t) dt

1 1/s af(t) + b h(t) af?(s) + b h?(s)

tn n!/sn+1 df(t)
dt sf?(s)− f(0)

tn−1e−at

(n−1)! 1/(s+ a)n e−atf(t) f?(s+ a)

sin(at) a/(s2 + a2)
∫ t
0 f(u)du f?(s)/s

e−at−e−bt
b−a 1/[(s+ a)(s+ b)] tnf(t) (−1)n dn

dsn f
?(s)

Limit theorems et al.

P [N(t) < n] ' Φ

(
n−t/µ√
tσ2/µ3

)
SLLN for renewal processes: N(t)

t

w.p.1→ 1
µ

Elementary renewal theorem: limt→+∞
m(t)
t = 1

µ

Key renewal th.: D(t) dRi, F not lattice, H(t) = D(t) +
∫ t
0 D(t− x) dm(x) ⇒ limt→+∞H(t) = 1

µ

∫ +∞
0 D(y) dy

Blackwell’s th.: F not lattice ⇒ limt→+∞[m(t+ a)−m(t)] = a
µ

F lattice with period d ⇒ limn→+∞E[number of renewals at nd] = d
µ

Recurrence times

A(t) = t− SN(t), Y (t) = SN(t)+1 − t, XN(t)+1 = A(t) + Y (t)

E
[
SN(t)+1

]
= µ× [m(t) + 1] XN(t)+1 ≥st Xi, i ∈ N (inspection paradox)

A(t)
t

w.p.1→ 0, limt→0
E[Y (t)]

t = 0 limt→+∞E[Y (t)] = E(X2)
2µ

limt→+∞E[A(t)] = E(X2)
2µ limt→+∞E[XN(t)+1] = E(X2)

µ ≥ E(X)

limt→+∞ P [Y (t) ≤ x] = limt→+∞ P [A(t) ≤ x] = Fe(x) =
∫ x
0 [1−F (u)] du

µ (equilibrium distribution)

Reward renewal processes

{(Xn, Rn) : n ∈ N} i.i.d.∼ (X,R), R(t) =
∑N(t)

n=1 Rn E(X), E(R) < +∞ ⇒
a) R(t)

t

w.p.1→ E(R)
E(X)

b) limt→+∞
E[R(t)]

t = E(R)
E(X)

Alternating renewal processes

{(Un, Dn) : n ∈ N} i.i.d.∼ (U,D), Z(t) =
1, if ∃n ∈ N : Sn =

∑n
i=1Xi =

∑n
i=1(Ui +Di) ≤ t < Sn + Un+1

0, if ∃n ∈ N : Sn + Un+1 ≤ t < Sn+1

E(Un +Dn) < +∞, F not lattice ⇒ limt→+∞ P [Z(t) = 1] = E(U)
E(U)+E(D)

Delayed renewal processes

{ND(t) : t ≥ 0}, with X1 ∼ G, Xi ∼ F, i = 2, 3, . . . , and (G ? Fn−1)(t) = P (Sn ≤ t) =
∫ t
0 G(t− x) dFn−1(x)

P [ND(t) = n] = P (Sn ≤ t)− P (Sn+1 ≤ t) = (G ? Fn−1)(t)− (G ? Fn)(t)

mD(t) =
∑+∞

n=1(G ? Fn−1)(t) m̃D(s) = G̃(s)

1−F̃ (s)

Regenerative processes

{X(t) : t ≥ 0}, with state space N0 and S1 ∼ F Uj = time spent in state j during [0, S1)

F not lattice, E(S1) < +∞ ⇒ limt→+∞ P [X(t) = j] =
E(Uj)
E(S1)

= Pj

E(S1) < +∞ ⇒ limt→+∞
amount of time state j during (0,t)

t

w.p.1
= Pj
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Definitions and examples

{Xn : n ∈ N0}, P (Xn+1 = j | Xn = i,Xn−1 = in−1, . . . , X0 = i0) = P (Xn+1 = j | Xn = i) = P (X1 = j | X0 = i) = Pij

P = [Pij ]i,j∈S , α = [αi]i∈S = [P (X0 = i)]i∈S

Chapman-Kolmogorov equations; marginal and joint distributions

Pn+mij = P (Xn+m = j | X0 = i) =
∑

k∈S P
n
ik P

m
kj Pn =

[
Pnij

]
i,j∈S

, αn = [P (Xn = j)]j∈S = αPn

P (Xn1 = in1 , . . . , Xnk = ink) =
(∑

i∈S αi × P
n1
i,in1

)
×
∏k
j=2 P

nj−nj−1

inj−1 ,inj
, 0 ≤ n1 < n2 < · · · < nk, in1 , . . . , ink ∈ S

Classification of states; recurrent and transient states

fnij = P (Xn = j,Xn−1 6= j, . . . , X1 6= j | X0 = i) Ti = min{n ∈ N : Xn = i | X0 = i}

fij =
∑+∞

n=1 f
n
ij , fi ≡ fii =

∑+∞
n=1 f

n
ii = P (Ti < +∞) recurrent if fi = 1, transient if fi < 1

µii = E(Ti) =
∑+∞

n=1 n× fnii (i recurrent) positive rec. if µii < +∞, null rec. if µii = +∞

Limit behavior of irreducible (aperiodic) Markov chains

Pj =
∑

i∈S PiPij , j ∈ S (stationary dist.); limn→+∞ P
n
ij = πj > 0, i, j ∈ S (if all states are posit. rec. aper.)

πj =
∑

i∈S πiPij , j ∈ S,
∑

j∈S πj = 1; µjj = 1
πj

; π = πP, π 1 = 1; π = [πj ]j∈S = 1× (I−P + ONE)−1

Markov chains with costs/rewards

limN→+∞
1

N+1E
[∑N

n=0 c(Xn) | X0 = i
]

=
∑

j∈S πjc(j) = π × c (long-run expected cost per time unit)

φ(i) = E
[∑+∞

n=0 α
nc(Xn) | X0 = i

]
(expected total discounted cost incurred over..., starting at state i)

φ(i) = c(i) + α
∑

j∈S Pijφ(j), i ∈ S φ = [φ(i)]i∈S = (I− αP)−1 × c

Time reversible Markov chains

{Xn−m : m ∈ Z}, Qij =
πj×Pji
πi

πi × Pij = πj × Pji, i, j ∈ S

Pi,i1 × Pi1,i2 × · · · × Pik,i = Pi,ik × · · · × Pi2,i1 × Pi1,i, for any i, i1, i2, . . . , ik, k ∈ N (Kolmogorov’s criterion)

Branching processes

{Xn : n ∈ N0}, X0 = 1, Xn =
∑Xn−1

l=1 Zl, n ∈ N, {Zl : l ∈ N} i.i.d., non-negat. r.v., Pj = P (Zl = j), j ∈ N0

Pn(s) = E(sXn), P (s) = E(sZl), s ∈ [0, 1] Pn+1(s) = Pn[P (s)] = P [Pn(s)], n ∈ N, s ∈ [0, 1]

µ = E(Zl), σ2 = V (Zl), E(Xn | X0 = 1) = µn V (Xn | X0 = 1) = σ2µn−1 × µn−1
µ−1 , if µ 6= 1

nσ2, if µ = 1,

π = limn→+∞ P (Xn = 0 | X0 = 1) if µ ≤ 1, π = 1; if µ > 1, π =
∑+∞

j=0 π
j × Pj

First passage times; absorption probabilities

fnij = P (Xn = j,Xn−1 6= j, . . . , X1 6= j | X0 = i) fn
j

= [fnij ]i∈S

fnij = Pij , n = 1∑
k 6=j Pikf

n−1
kj , n = 2, 3, . . .

fn
j

=
f1
j

= [Pij ]i∈S , n = 1

(j)P× fn−1
j

=
[
(j)P

]n−1 × f1
j
, n = 2, 3, . . .



S = T ∪ C1 ∪ C2 ∪ · · · , Q = [Qij ]i,j∈T , R = [Pkl]k∈T, l∈T , τ = inf{n ∈ N0 : Xn 6∈ T}, uik = P (Xτ = k | X0 = i)

U = [uik]i∈T, k∈T = (I−Q)−1 ×R [E(τ | X0 = i)]i∈T = (I−Q)−1 × 1[
E[
∑τ−1

n=0 g(Xn) | X0 = i]
]
i∈T

= (I−Q)−1 × g

Cap. 4

Definitions and examples

{X(t) : t ≥ 0}, P [X(t+ s) = j | X(s) = i, X(u) = x(u), 0 ≤ u < s] = P [X(t+ s) = j | X(s) = i]

P [X(t+ s) = j | X(s) = i] = P [X(t) = j | X(0) = i] = Pij(t), P(t) = [Pij(t)]i,j∈S , α = [αi]i∈S = [P [X(0) = i]]i∈S

Properties of the transition matrix; Chapman-Kolmogorov equations

Pij(t+ s) =
∑

k∈S Pik(t)× Pkj(s) P(t+ s) = P(t)×P(s) = P(s)×P(t) P [X(t) = j] =
∑

i∈S αi × Pij(t), j ∈ S

[P [X(t) = j)]j∈S = αP(t) P [X(t1) = x(t1), . . . , X(tk) = x(tk)] =
[∑

i∈S αi Pi,x(t1)(t1)
] ∏k

j=2 Px(tj−1),x(tj)(tj − tj−1)

qij = νi × Pij , i 6= j limh→0+
Pij(h)
h = qij , i 6= j; limh→0+

1−Pii(h)
h = νi

d Pij(t)
dt =

∑
k 6=i qikPkj(t)− νiPij(t) (backward eq.)

dPij(t)
dt =

∑
k 6=j Pik(t)qkj − Pij(t)νj (forward eq.)

rij = qij , i 6= j

−νi, i = j,
R = [rij ]i,j∈S

dP(t)
dt =

[
dPij(t)
dt

]
i,j∈S

= R×P(t) = P(t)×R

Computing the transition matrix: finite state space

P(t) = eR t =
∑+∞

n=0
Rn tn

n! = limn→+∞
(
I + R t

n

)n
Computing the transition matrix: infinite state space

P ?ij(s) =
∫ +∞
0 e−stPij(t)dt, i, j ∈ S∫ +∞

0 e−st
d Pij(t)
dt dt = s× P ?ij(s)− Pij(0) =

∑
k 6=j P

?
ik(s)× qkj − P ?ij(s)× νj

Birth and death processes

dP0j(t)
dt = λ0 P1j(t)− λ0 P0j(t), j ∈ N0;

dPij(t)
dt = λi Pi+1,j(t) + µi Pi−1,j(t)− (λi + µi)Pij(t), i ∈ N, j ∈ N0 (b. eq.)

dPi0(t)
dt = Pi1(t)µ1 − Pi0(t)λ0, i ∈ N0;

dPij(t)
dt = Pi,j−1(t)λj−1 + Pi,j+1(t)µj+1 − Pij(t) (λj + µj), i ∈ N0, j ∈ N (f. eq.)

Pj(t) ≡ P [X(t) = j | X(0) = i] P (z, t) = E
[
zX(t) | X(0) = i

]
, |z| ≤ 1∑

j∈S z
j × dPj(t)

dt = ∂P (z,t)
∂t

∂P (z,t)
∂z =

∑
j∈S jz

j−1×Pj(t) =
∑

j∈S(j+1)zj×Pj+1(t)∑
j∈S z

j × dPj(t)
dt =

∑
j∈S z

j × [Pj−1(t)λj−1 + Pj+1(t)µj+1 − Pj(t) (λj + µj)] (forward eq.)

Limit behavior of CTMC

{Xn : n ∈ N0} (embedded DTMC), π = [πj ]j∈S (stationary distribution of the embedded DTMC)

Pj = limt→+∞ Pij(t) Pj =

πj
νj∑

k∈S
πk
νk

, j ∈ S

P = [Pj ]j∈S , P ×R = 0,
∑

j∈S Pj = 1 Pj × νj =
∑

i∈S Pi × qij , j ∈ S

P0 =
[
1 +

∑+∞
n=1

λ0 λ1 ... λn−1

µ1 µ2 ... µn

]−1
, Pj =

λj−1

µj
Pj−1 = P0 × λ0 λ1 ... λj−1

µ1 µ2 ... µj
, j ∈ N (birth and death proc.)



Birth and death queueing systems in equilibrium

Queues

Ls E(Ls) = λeE(Ws) = λ× (1− Pb)× E(Ws)

E(Ls) = λe
µ + E(Lq)

Lq E(Lq) = λeE(Wq)

Ws E(Ws) = 1
µ + E(Wq)

M/M/1

Rates λk = λ, k ∈ N0

µk = µ, k ∈ N
(
ρ = λ

µ < 1
)

Ls P (Ls = k) = ρk (1− ρ), k ∈ N0

E(Ls) = ρ
(1−ρ)

Lq P (Lq = k) = 1− ρ2, k = 0

ρk+1 (1− ρ), k ∈ N

E(Lq) = ρ2

(1−ρ)

Ws (Ws | Ls = k) ∼ Gamma(k + 1, µ), k ∈ N0

Ws ∼ Exponential(µ(1− ρ))

E(Ws) = 1
µ(1−ρ)

Wq (Wq | Ls = k) ∼ Gamma(k, µ), k ∈ N

FWq(t) =
0, t < 0

1− ρ, t = 0

(1− ρ) + ρ× FExp(µ(1−ρ))(t), t > 0

(Wq |Wq > 0) ∼ Exponential(µ(1− ρ))

E(Wq) = ρ
µ(1−ρ)

M/M/∞

Rates λk = λ, k ∈ N0

µk = kµ, k ∈ N
(
ρ = λ

µ < +∞
)

Ls Ls ∼ Poisson(λ/µ)

Lq
st
= 0, Ws ∼ Exp(µ), Wq

st
= 0

X(t) = number of customers in the system at time t

(X(t) | X(0) = 0) ∼ Poisson(λ (1− e−µt)/µ)

M/G/∞

(X(t) | X(0) = 0) ∼ Poisson
(
λ
∫ t
0 [1−G(t− s)] ds

)
limt→+∞(X(t) | X(0) = 0) ∼ Poisson(λ/µ)



M/M/m

Rates λk = λ, k ∈ N0

µk = kµ, k = 1, . . . ,m

mµ, k = m+ 1,m+ 2, . . .

(
ρ = λ

mµ < 1
)

Ls P (Ls = k) =
m!
k! (1− ρ)(mρ)k−mC(m,mρ), k = 0, 1, . . . ,m− 1

(1− ρ) ρk−mC(m,mρ), k = m,m+ 1, . . .

C(m,mρ) = P (Ls ≥ m) =
(mρ)m

m!(1−ρ)∑m−1
j=0

(mρ)j

j!
+

(mρ)m

m!(1−ρ)

C(1, ρ) = ρ

C(2, 2ρ) = 2ρ2

1+ρ

E(Ls) = mρ+ ρ
1−ρC(m,mρ)

Lq P (Lq = k) = 1− ρC(m,mρ), k = 0

(1− ρ) ρk C(m,mρ), k ∈ N

E(Lq) = ρ
1−ρC(m,mρ)

Ws (Ws | Ls = k) ∼ Exp(µ), k = 0, . . . ,m− 1,

Exp(µ) ?Gamma(k −m+ 1,mµ), k = m,m+ 1, . . . ,

1− FWs(t) = [1 + µtC(m,mρ)] e−µt, t ≥ 0, ρ = m−1
m[

1 + eµ[1−m(1−ρ)]t−1
1−m(1−ρ) × C(m,mρ)

]
e−µt, t ≥ 0, ρ 6= m−1

m

E(Ws) = 1
µ + C(m,mρ)

mµ(1−ρ)

Wq (Wq | Ls = k) ∼ Gamma(k −m+ 1,mµ), k = m,m+ 1, . . .

(Wq |Wq > 0) ∼ Exponential(mµ(1− ρ))

1− FWq(t) =
1, t < 0

C(m,mρ), t = 0

C(m,mρ)× [1− FExp(mµ(1−ρ))(t)], t > 0

E(Wq) = C(m,mρ)
mµ(1−ρ)

M/M/m/m

Rates λk = λ, k = 0, 1, . . . ,m− 1

0, k = m,m+ 1, . . .

µk = kµ, k = 1, . . . ,m

0, k = m+ 1,m+ 2, . . .

(
ρ = λ

mµ < +∞
)

Ls P (Ls = k) =

(mρ)k

k!∑m
j=0

(mρ)j

j!

= m!
k! (mρ)m−k

×B(m,mρ), k = 0, 1, . . . ,m

0, k = m+ 1,m+ 2, . . .

B(m,mρ) = P (Ls = m) =
(mρ)m

m!∑m
j=0

(mρ)j

j!

E(Ls) = mρ [1−B(m,mρ)]

Lq
st
= 0, Ws ∼ Exp(µ), Wq

st
= 0


